Abstract. Asymptotic results of two types are given for minimum norm cubatures, defined on a certain Hubert space of analytic functions. Cubatures with a high degree of precision are realized as the limits of minimum norm cubatures, and an algebraic approach for the determination of efficient rules is derived. Numerical methods and examples are also included.
Introduction.
This paper is a continuation of earlier work [2] , and it concerns bounds on the cubature error for a class of uniformly bounded analytic functions of two variables. Minimum norm (MN) and optimal cubatures have been defined and discussed previously. This paper contains additional asymptotic results concerning them, as well as numerical results. The methods for doing the numerical calculations are described in some detail, both because they have changed considerably from the methods used earlier, and because we believe them to be "optimal." One of the asymptotic results given in this paper is that, in certain cases, efficient cubature rules are the limits of MN rules, and the algebraic proof of this result should be useful for determining new efficient rules.
2. Asymptotic Properties of MN Cubatures. The Hubert space of analytic func-P x Ep tions to be considered is L1 = \f(z,w):
/is analytic inside E x E and |/l|: íffÍ£"*£" \f\z,w)\2dxdydudv exists}, where z = x + iy, w = u + iv, Ep is the ellipse with foci + 1, semimajor axis a, semiminor axis b = (a2 -l)1'2, and p = (a + b)2. With / = [ -1, 1], we define Uf) = JÏ ( fix, u) dx du -£ AJixk, uk).
A MN cubature with / nodes is a cubature with weights Ak and nodes (xk, uk) such that 11/?,|| is a minimum. It is of interest to have an upper bound on ||/?,MN|| in terms of /. One such upper bound appears in [2] . Let /?^" be the remainder of the (w x n) tensor product ("cross product") Gaussian rule, with / % mn. Of course, ||/?,MN|| S ||/?£J and Theorem 1 contains an upper bound on ||/?™"||. Theorem 1. In the space L2
(1) \\RGmn\\2^ I 1 ocir, P)a(s, P)[ymôYô° + y"ô?ô2" + ymynô2mô2"r, where oc(r, p) is as above and Ur is the rth Chebyshev polynomial of the second kind.
Stancu [11] has shown that into (2) yields the desired result. Q.E.D.
We note that ||/?£J2 is 0(p-(m+1)p-<n+1>) = Oip'(m+n + 2)) for functions of two Stancu's article concerns tensor product rules, and so the error bounds of Theorem 1 are "rectangular" in form. Thus, the error formula (3) is applicable in spaces with polynomial precision in each variable separately. The corresponding space is called Br2m,2n\ by Sard [9] . Secondly, the error bound in (1) would be improved, if only the third term of (3) were present. This is exactly what is obtained by the use of Gordon's "blending functions" [5] . The blending function of interest here is the following:
where '¡(x) = \\k+i ((x -xt)/(x¡ -xk)) and m¡ dually. This function interpolates/ along "lines," i.e., B(x¡,u) = fix¡,u), i = 1, -,m for all u in / and B(x, uj) = fix,uj), j -1, •••, n for all x in /.
3. Asymptotic-in-p Properties of MN Cubatures. A cubature rule is said to be efficient if it integrates exactly as many of the low order monomials as there are parameters in the rule; e.g., for a two-dimensional cubature with n nodes, there are 3n parameters, n weights and n nodes, each of which contains two parameters. Also, there are
2 ) -2 monomials in two variables of degree ^d. For functions of one variable, Gaussian quadratures are efficient. Since the nodes of these quadratures are the zeros of the related orthogonal polynomials, various authors [6] , [7] , [8] have tried to use the common zeros of sets of orthogonal polynomials in more than one variable as the nodes for efficient rules. Stroud [10] has recently obtained sufficient conditions for the common zeros of orthogonal polynomials to be the nodes of a cubature with a certain precision, but the formulas so discussed need not be efficient. We remark that Stroud's article also contains a good bibliography on the subject of orthogonal polynomials and their relation to cubature theory. For functions of one variable, it is known [2] that the MN weights and nodes converge to the Gaussian weights and nodes as p -» oo. For functions of two variables, if the nodes are an interpolating set, [3, p. 27] , and the number of them is of the form for some positive integer d, then the weights converge to the corresponding interpolatory cubature weights [2] and, in fact, the order of convergence is p~id+1). A similar result is known for functions of n variables, n^2.
We conjectured that the MN cubature nodes converge to the nodes of an efficient cubature. If so, then we would have a computationally feasible way of finding efficient cubatures. We have obtained only partial results, both theoretically and numerically. Our numerical evidence to date (see the Tables) has indicated that the above conjecture is not true in the generality stated.
We shall state the theoretical result in a special case for clarity of the ideas; the generalization follows without difficulty. Radon [8] has discovered an efficient sevenpoint formula of precision 5, in two variables. The cubature nodes are the common zeros of three polynomials, each of degree three. Let the region of integration be the square S: -1 = x,y ^ I.
Theorem 2. Let the cubature formula be fix,y)dxdy~ y AJixk,yk).
.s t=l
Assume that (1) the MN nodes form an interpolating set (ai least for all p ;> some p*), and (2) the common zeros of the sample polynomials ithis term is defined in the proof), corresponding to the MN nodes and to some efficient rule, are all continuous functions of the coefficients of these polynomials. Then the MN nodes converge to the nodes of an efficient rule as p -* oo. Remark. A key assumption is that there exists an efficient rule (whether known explicitly or not), and the Radon rule validates this assumption for this case. Note, however, that Theorem 2 does not imply that the MN cubature necessarily converges to the Radon cubature.
Proof. 1. We denote the remainder of the Radon rule by R7. Then (6) ii/?rii2 â ii^ii2. where oc(r, p) = 4(r + l)/[7t(p"+1 -p~r_1)] = Oip~r~x) as p -» go. The sum's index is r, s, such that r + s > 5, because /?f has precision 5, Ur is a polynomial of degree r, and Us dually. Thus ||/?f||2 = 0(p-5"2) = Oip'1), whereas ||/?^N||2 = 0(p~2). We multiply both sides of (6) by p2 and observe that
Using this fact and multiplying successively by p3, p4, •••, p7, we obtain the following result :
2. Equation (8) can be rewritten as the following system of 21 equations (where the integrals are each over S) :
Al + A2 + ■■■ + An = fl + £00, where the eu = £,7(p) -» 0 as p -» oo. These A¡, x¡, and y¡ are the MN values. We form three so-called "sample" MN third degree polynomials Px,P2, and P3 with the MN (x¡, y,) as their common zeros. We note that a general third degree polynomial in two variables has ten terms, and the requirement of seven zeros means that there are three linearly independent solutions Pt, P2, and P3. We also observe that every efficient cubature satisfies Eqs. (9), with the perturbations eu equal to zero. 3. We now perform a sequence of (reversible) algebraic steps, the upshot of which is to change (9) from a nonlinear system, with perturbations tending to zero, to a rectangular linear system. The idea is to develop a two-dimensional analog of the so-called "algebraic" approach of Kopal [10] to Gaussian quadratures. Consider Pxix, y)= Z Ctjx'yJ, »Si+iSJ and assume that Px has some cubic term, say x3. Then, without loss of generality, we may assume that c30 = 1.
(i) Multiply the first equation of (9) by c00, the second by c10, •••, the last by c03. Add these equations and factor each of the X¡x¡ to get:
Again, the left-hand side equals zero, and so we have a second equation.
(iii) This argument can be continued exactly, so long as the monomials involved are of total degree ^ 5. If we consider Í10.2) as coming from a "multiplication by x" of (10.1), then the same procedure can be followed for multiplication by 1, x, v, x2, xy, and y2, the first two yielding (10.1) and (10.2), respectively. Thus we obtain six equations in nine unknowns. Each solution of the unperturbed (i.e., all the £fj = 0) (10.1), (10.2), •••, (10.6) is a polynomial /?i(x, y) with leading term x3 and with roots (at least) at {(x¡, y¡)},7=1, such that (9) holds with the ey = 0. Since the unperturbed equations have a solution, by the assumption of the existence of an efficient cubature, the solutions of the perturbed system are continuous in the perturbations, and thus c,vN -cfYÀeat as p -+ 00.
The zeros of Pt and R, are both continuous functions of their coefficients, by hypothesis, and so the zeros of P, approach the zeros of /?,. (Warning: Rl need not be one of the Radon orthogonal polynomials. See the tables.) Similar arguments applied to P2 and P3 yield the conclusion. Q.E.D.
Remarks on Theorem 2. The algebraic approach, developed in part 3 of the proof, does not depend on there being exactly seven nodes and, in fact, the same approach can be used to obtain a formula of precision 5 with a minimal number of points. Theorem 2 can be generalized to functions of more than two variables, to more general regions of integration, and to other degrees of precision. If the degree of precision in n variables is to be d, then we show that Symmetry of the MN Rules. In the numerical examples calculated, we have observed that MN rules frequently have symmetries of various types. It is not always possible to have full symmetry, i.e., symmetry around x = 0, y = 0, and y = ± x, because, e.g., an efficient rule with precision 11 in two variables would require 26 points, and 26 is not divisible by four. We conjecture that the p ->■ co limit of a MN cubature is exact for at least an efficient number of monomials. However, these are not necessarily the lowest order monomials, e.g., the 5-point rule given in Table 6 which integrates all monomials of degree = 3 and, by symmetry, all odd monomials, but does not integrate x2y2. (To be efficient, a 5-point rule in two variables should have precision 4. However, suph a rule does not exist [13] .) Secondly, we conjecture that a p -* 00 limit of MN cubatures integrates at least as many of the lowest order 
Usually yk = y and y as small a» U.Ol were used. We add one disconcerting note: stationary values of V||/?J2 need not correspond to minima of ||Z?J2. The 5-4 example given later illustrates this possibility.
The choice of initial approximations is difficult and was done in an ad hoc fashion for each case, usually with some symmetries assumed. The nodes were assumed to be in the region of integration. In all cases, tr¿ region is [ -1, 1] x [ -1, 1], unless otherwise stated (b) Representative Results. Tables 1 and 2 . The first example is a 7-point formula in the plane. An efficient rule has precision 5. The column labeled ¡R"!2 is the square of the norm of the limit functional (when known). 
3432(-3) .3579(-3) .1210(-5) .1222(-5) .2234(-7) .2242(-7)
. .
9732(-9) .9749(-0) .2033(-12) .2033(-12) .1047(-13) .1047(-13) .9978(-16) .9978(-16)

3551(-3) .3815(-3) .1268(-5) .1292(-5) .2349(-7) .2366(-7) .1025(-8) .1028(-8) .2142(-12) .2143(-12) .1102(-13) .1102( -13)
.1052(-15) .1052(-15) Table 3 . The next example is a 12-point formula in the plane. An efficient rule has precision 7. The MN numerical results are given in Table 3 . The limiting cubature, as a -* oo is an efficient rule due to Tyler [14] . There is a second such efficient rule, due to Mysovskih .3483 (-4) .1623 (-6) .3032 (-10) .4661 (-11) .9256 (-12) ,3499(_4)
.1625 (-6) .3033 (-10) .4663 (-ll) .9256(-12) .2895(-2) .3617(-4) .1579 (-6) .2813 (-10) .6821 (-12) .6231 (-12) .9333 (-18) .3304 (-20) .5531( -37) .6599(-2) .9915 (-4) .4785 (-6) .9000 (-10) .2788 (-11) .7462(-2) .1022 (-3) .4810 (-6) .9003 (-10) .2788 (-11) The configuration in Table 4 is similar to one reported by Valentin [15] . It is interesting to note that the limiting cubature in Table 4 has more polynomial precision than the corresponding one in Table 5 , but that the norm in the second case is smaller than in the first. The limiting cubature of Table 4 has precision 3 and enough symmetry to be exact for all monomials x"yß where a or ß is odd. The "limiting" cubature of Table 5 numerically has precision 3, but does not have sufficient symmetry to obtain any further algebraic precision. The limiting cubature of Table 6 has sufficient symmetry to be exact for all monomial x*yß where a or ß is odd. It also is exact for the monomials x2, y2, x4, y4. Thus, it lacks only exactness for the monomial x2y2 of having precision 4. Of the three rules, the one in Table 6 has the most polynomial precision, but at the expense of a negative weight. Tables 1 and 8 . We have computed two examples for the three-dimensional cube
A 5-point precision 3 formula would be efficient, but such a formula does not exist [12] . Convergence of the Newton iterates was not obtained for this case. 13 -5 and 14 -5 formulas are known, the latter being efficient and the former hyper-efficient. The cubature corresponding to a = oo of Table 7 is a hyper-efficient formula of degree 5. It is due to Stroud [12] . The cubature corresponding to a = x of Table 8 is an efficient formula of degree 5. It is due to Hammer and Stroud [6] . .5314 (-3) .2212 (-13) .4189 (-17) .5668 (-3) .2215 ( -13) .5404 (-17) (c) Examples. We have used the MN rules to integrate some specific functions and the numerical results are given below. Let fix, y) = 1/(4 + x + y), so fL JL,/ = 1.046496, and let gix, y) = sin(xy) so that J_ JLi0 = 0.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The actual error is, from Table 9, 1.10 x 10"2, so that the error bound is conservative by only one order of magnitude. It is also interesting to compare this bound with the corresponding bound for the 7 -5 Radon cubature. If R7 is the 7 -5
Radon rule's remainder, then \\R$\\ = 1.95 x 10"2. Thus the bound ||R71| • Mnab is 1.95/1.85 = 1.054 times what it is in the MN case, i.e., 48.7 x 10"2. Finally, the same function's 12-7 MN bound, for a = 3, is \\R^2N\\iMnab) = 11.9 x 10"2.
(d) Remarks on the Use of the Cubatures. MN cubatures have essentially the same advantages and disadvantages as efficient rules, as would be expected from Theorem 2. There are two main types of cubature rules in use currently : monomial rules and cross-product rules. Monomial rules integrate all polynomials of a certain total degree M -1 or less, while cross-product rules integrate all polynomials of a certain degree m -1 or less in x and of a certain degree n -1 or less in y. The spaces defined by Sard [9] as Bmn sind ßpm>" ], respectively, are the appropriate function spaces for these two possibilities. ||R||2, for these two cases, is 0(l/p M + 1) and 0( 1/p ;+ 2), where N is the minimum of m and n. With respect to these 0 terms, monomial rules yield the same order of convergence as cross-product rules which involve twice as many parameters. (The corresponding Sard spaces are Bm " and B| m+",",+" |.) 6 . Conclusion. Perhaps the most important feature of the MN cubatures is their utility in finding efficient cubatures. Two ways of accomplishing this have been given in this paper: consider the limit as p -* x of the MN cubatures or use the algebraic approach developed in the proof of Theorem 2. Different regions of integration R, as well as weight functions, can be used, the only restriction being that it must be possible to integrate Ur(x)Usiu) over R.
